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Abstract. We calculate the triple correlations for the truncated divisor sum 
^ni'/T')- The Afl(n)'s behave over certain averages just as the prime counting 
von Mangoldt function A(ri) does or is conjectured to do. We also calculate the 
mixed (with a factor of A(n)) correlations. The results for the moments up to 
the third degree, and therefore the implications for the distribution of primes 
in short intervals, are the same as those we obtained (in the first paper with 
this title) by using the simpler approximation A/j(n). However, when A/j(n) 
is used the error in the singular series approximation is often much smaller 
than what Ajj(n) allows. Assuming the Generalized Riemann Hypothesis for 
Dirichlet L-functions, we obtain an Q-|--result for the variation of the error 
term in the prime number theorem. Formerly, our knowledge under GRH was 
restricted to H-results for the absolute value of this variation. An important 
ingredient in the last part of this work is a recent result due to Montgomery 
and Soundararajan which makes it possible for us to dispense with a large 
error term in the evaluation of a certain singular series average. We believe 
that our results on Ai{(n)'s and A/j(n)'s can be employed in diverse problems 
concerning primes. 



1. Introduction 

In this paper we calculate the triple correlations of the short divisor sum defined 



by 



(1.1) XR{n) = E ^ E Md), for n > 1, 

r<R d\{r,n) 

and Afl(n) = if n < 0. In the previous paper of this series [8] we gave the 
calculation of the correlations of 

(1.2) Anin) = E log(i?/d), for n > 1, 

d\n 
d<R 

and Aii(n) = if n < 0. As can be seen from our results, these divisor sums tend to 
behave similarly to the prime counting von Mangoldt function A(n), and thus they 
may sometimes be used in place of A(n) when it is not possible to work directly 
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with A(n) itself. Since 

A(n) = ^/x(c!) log(i?/d), for n > 1, 

d\n 

Aij(n) comes about as a surrogate for A(n) by truncation. We can relate XR{n) to 

Aii,{n) by interchanging the order of the summations in (1.1), thereupon the new 
inner sum can be evaluated (eq. (2.15) below) and the contribution of its main 
term gives An(n). 

Goldston [5] found Xnin) while remedying the failure of the circle method in an 
application to the related problems of twin primes and short gaps between primes 
for which a starting point is the observation that 

(1.3) V A(n)A(n + /c) = / \S{a)\^e{-ka) da + 0{k log^ N), 

n<N Jo 

where 

S{a) = J2 A(n)e(na), e{u) = e^'^'" 



For a close to the rational number a/r, we write a = a/r + P, and approximate 
S(a) throughout [0, 1] by a sum of local approximations 

E E StS^+Z^)' -h-^ liu) = e{nu). 

r<R l<a<r ' n<N 
(a,r) = l 

But the last expression is equal to 

^ Xii{n)e{n(3), 

n<N 

suggesting we replace A(m) by \R{m) in sums such as (1.3). Furthermore, Goldston 
[5] showed that among sums of the form 

^ a{R, r) with a{R, 1) = 1, a{R, r) G R, 

r<R 

r\n 

\R{n) is the best approximation to A(n) in an sense. The proof involves a 
minimization which was solved in a more general setting by Selberg [18] for his 
upper bound sieve. Hooley's recent use of XR{n) in [14], [15] leans much on its 
origin in the Selberg sieve. It should further be mentioned that, as far as we know, 
Heath-Brown [12] was the first to use XR{n) in additive prime number theory. 
The correlations we are interested in evaluating are 

N 

(1.4) Sk{N,j, a) = Yl + hT'Mn + 32^ ■ ' • + ir)"" 

n=l 

and 

N 

(1.5) Su{N,3, a) = Y. + hT'XRin + ja)"^ • • • Afl(n + jr-iT-'Kn + 3r) 
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where j = (ji, j2, • • • , jr) and a = (ai, 02, . . . ar), the ji's are distinct integers, 
a, > 1 and J2l=i (^i = ^- (1-5) we assume that r > 2 and take Cr = 1. For later 
convenience we define 

N 

(1.6) 5i(7V,i,a) = ^ A(n + ii) = i,{N) + 0{\ji\logN) ~ AT 

n=l 

for \ = o{- — —) by the prime number theorem (as usual ipix) = ^{^))- 

^ n<a: 

For fc = 1 and k = 2 these correlations have been evaluated before ([4], [14], [15]), 
and the more general cases of n running through arithmetic progressions were also 
worked out ([7], [12], [15]). 

Correlations which include in their summands factors such asA(n)A(n+j), j 7^ 0, 
cannot be evaluated unconditionally; they are the subject of the Hardy-Littlewood 
prime r-tuple conjecture [9]. This conjecture states that for j = {ji,j2, ■ ■ ■ ,jr) with 
the ji's distinct integers, 

N 

(1.7) {N) = ^ A(n + ii)A(n + js) • • • A(n + >) ~ &{j)N 

n=l 

when ^ 0, where 

(-) e(„ = n(:-l)-(:-^ 

and i'p{j) is the number of distinct residue classes modulo p that the jVs occupy. 
If r = 1 we see = 1, and for jjij < (1.7) reduces to (1.6), which is the only 
case whore (1.7) has been proved. The cases r = 2, 3 will be of particular interest 
to us in this paper, the explicit expressions have been shown in [8] to be 

(1.9) 6((0,,7)) = &2ij), (.1^0) 

(1.10) S((0,J1,J2)) = 62((J1,J2))63(J1J2(J1-J2)), {Jl^j2,jlj2^0), 

where writing 

j^j^s c -) _ / if n is a prime, 

^ ' ' ^ 1^ 1, otherwise, 

the singular series for n > 1 and j ^0 are defined as 

/I 19\ _ j CnGn{j)Hnij), ifp(n)|j, 

^^•^^^ ~ \ 0, otherwise, 

in which 

(1.13) Cn= n ""^ 



(p - l)(p-n+l) 



PT^n— 1, p^n 



(1-14) G„(i) = n 



p\j 

p=n—l or p=n 



p-i 
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(1-15) i?„(i)= n 



p — n 



Note that since = &{j — ji) for ji a vector with ji in every component, 

no loss of generahty is incurred when the first components of the vectors in the 
arguments of 6 in (1.9) and (1.10) arc taken to be 0. 
Gallagher [2] proved that the moments 

JV 

(1.16) Mk{N,h,^p) = J2Wn + f^)-^i^))'' (fcez+) 

can be calculated from the prime r-tuple conjecture (1.7) for /i ~ A log N as N ^ oo, 
with A a positive constant. For this purpose Gallagher showed that 

(1.17) Yl {h^oo). 

l<jl J2,--- Jr<h 

distinct 

The calculation of the moments (1.16) was carried out in [8] via expressing them 
in terms of the quantities (1.7) for which the prime r-tuple conjecture is assumed, 
with the result that 

(1.18) Mk{N,h,^) N {log NfJ^l l]^'' (iV^oo, /i~AlogiV, A<1), 

r=l ' 

where < ^ I denotes the Stirling numbers of the second type. 



r 

For larger h the appropriate moments to study are 

N 

(1.19) Mfc(^, h,^) = Y^mn + h)- V(n) - hf . 

Assuming the Hardy-Littlewood conjecture in the strong form 

(1.20) ^j{x) = &{j)x + OiN^+') 

uniformly for 1 < r < fc, 1 < a; < A'' and distinct ji satisfying 1 < ji < h, 
Montgomery and Soundararajan [17] proved that 

TV k 

{1.21) Hk{N,h,ip) ~ (l-3---(A;- l))iV(/ilog— )2 if fc is even, 

(1.22) /ife(iV,/i,V) < N{hlogN)^{-^y^ +h''Ni+' iffcisodd, 

log N 

uniformly for (log N)^^^ <h< N^''^ (with any fixed 5 > 0). They also conjectured 
upon heuristics that iik{N,h,i;) = ([2|A:](1 • 3 • • • (/e - 1)) + o(l))iV(/i log f )* holds 
uniformly for (log A/^)^"*"^ < h < N^~^ for each fixed k (see (1-49) below for the 
notation [2|fc]). Their proof depends on the estimation of the quantities 

(1.23) Rr{h)= Y ^iih,--- ,jr)), 

l<jl J2,--- Jr<h 

distinct 

where 

(1-24) ii((ii,---,j.))= E (-ir''"e(j) 

JC{ji,- 
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{R(){h) and 6(0) arc taken to bo 1), as 

(1.25) Rr{h) = {l-'6---{r-l)){-hlogh + Ah)^+Orihi^'^+'), r : even, 

(1.26) Rr{h) < r : odd 

(^ = 2 — 7 — log27r, and 7 denotes Euler's constant). Gallagher's result (1.17) can 
be deduced from these. Note that it is easy to see Ri {h) = 0, and for r = 2 we know 
from Goldston [3] that (1.25) holds with the much smaller error term 0(/;,2+'^). 

Only the first moment is known unconditionally as a simple consequence of 
the prime number theorem. The work of Goldston and Montgomery [6] reveals, 
upon assuming the Riemann Hypothesis, an equivalence between the asymptotic 
formulae for the second moment and the pair correlation conjecture for the zeros 
of the Riemann zcta-function. 

From the surrogate prime-counting function Afl(n), we write 

(1.27) ijR{x) = ^ Afl(n), 

n<x 

and we wish to examine the moments M{N, h^tfjR) defined as in (1.16). We have 
Mk{N,h,^R) = E Mn + mU 

ra=l \l<m<h J 
N 

= ^ ^Aij(n + mi)Aij(n + m2)---Aij(n + mfe). 

l<mi<hn=l 
l<i<k 

Now suppose that the k numbers mi , 7712 , • . • , m,k take on r distinct values ji , 72 , • • • , j; 
with ji having multiplicity aj, so that X]i<j<r «i = k. Grouping the terms leads to 
the expression 
(1.28) 

M,iN,hM=Y: E («,a2,'...,aj E Wi,a), 

r=l ai,a2,...,ar ^ ' \<n<n<---<jr<h 

ai>l,X] ai=k 

where Sk{N,j, a) is the correlation given in (1.4). Our main result on these corre- 
lations is the following theorem. 

Theorem 1. Given 1 < k < 3, let j = (ji,j2, • • • ,jV) anda = (01,02, . . .Or), where 
the ji's are distinct integers, and ai > 1 with Xli=i = k. Assume max, \ < 
N^~^ and R:^ N". Then we have 

(1.29) Sk{N,j,a) = {Ck{a)6{j) + o{l))N {log R)>'-^ + 0{R''), 

where Cfe(a) has the values 

Ci(l) = 1, C2(2) = l, C2(l,l) = l, 

C3(3) = ^, C3(2,l) = l, C3(l,l,l) = l. 

(As a notational convention extra parentheses have been dropped, so for example 

C2((1,1))=C2(1,1)). The method of proof used in this paper may be carried out 
for k > 3, but the calculation of the constants Cfe(a) and controlling the error terms 
become extremely complicated even for fc = 4. In the third paper in this series it is 
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shown by a different method that Theorem 1 for Afl(n) holds for all k, and also a 
way is found to calcidate the constants Cfc(a) for small k. We also believe the error 
term 0(i?'=) can be reduced in size. In Hooley's method [15] for the special case 
S2{N, (0), (2)), the error term 0(i?2) doesn't arise at all. 

Letting m = n + min^ ji in the sum of (1.4), and then shifting the summation 
range to extend from 1 to A'^ again, we pick up an error 0{\mmiji\N'^) since 
Afl(n) «C n'^. This error is absorbed in the error term o{N) under the conditions of 
the theorem. Also, as was remarked after (1.15), 6{j) is not affected by this shift. 
Hence in proving Theorem 1 we may take ji = 0, and 72, ... , jV all positive. To see 
the upper bound for A/{(n), note that with n' — ]^ p, one has Ai{(n) = Ai{(n'), so 

p\n 

(1.30) 

r<R ' t<R ' s\n' 

(t,n')=l s<R/t 

We now apply Theorem 1 in (1.28), and obtain upon using (1.17) that for h <^ 
A/'i-^ and /i ^ 00, = N^" with < 6»fe < ^ for Mfe, 

Mi(iV,/i,Vfl) ~ Nh, M2{N,h,ipR)r^ Nh'^ + NhlogR, 

(1.31) Mi{N,h,i)R) ~ Nh^ + ZNh?\ogR+^Nh\og^ R. 

The choice h = XlogN renders full meaning to (1.31) allowing us to state 

Corollary 1. For h ^ XlogN, A <C 1, and R = N^'' , where Ok is fixed and 

< 0k < for I < k < 3, we have 

Mi{N,h,i:R) - AA^logiV, M2{N,h,i;R) ^ {02\ + X^)Nlog' N, 

(1.32) M^{N,h,^R) ~ {^e^^X + W^X^ + X')N\og^ N. 

We next consider the mixed moments 

N 

(1.33) Mk{N, h, iljR) = ^(^fl(n + h)- ^R{n)f-'{^{n + h) - ^(n)) 
for k>2, while for = 1 we take Mi (A'', h, V'ij) = Mi (A'', h, ij;). Writing 



(1.34) 



ip{x) = X + E{x), 
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we have for I < h < N , 

N N+h min(fe-l,JV) 

M^{N,h,^) = Y^ J2 A(A:)=^A(fc) ^ 

n=ln<k<n+h ft=2 n=max(l,fc— /i) 

h N N+h 

= ^(fc-l)A(fc)+ hA{k)+ {N + h-k + l)A{k) 

fe=2 k=h+l k=N+l 



ph rN+h 

= i^iN + h) - i^iN) - ip{h) - / '4}{t)dt+ / V(*)' 

J2 Jn 

ph pN+a 

E{N + h) - E{N) - E{h) - / E{t)dt+ / E{t) dt + 0{1), 

J2 Jn 



_ )dt 

In 

fh pN+h 

Nh 

In 

(1.35) 

where partial summation on (1.34) has also been used. The prime number theorem 
says E{x) = o{x), so that we obtain for 1 < /i < AT as A'' ^ 00, 

(1.36) Mi{N,h,2pR) = Mi{N,h,ip)r~. Nh. 

If the Riemann Hypothesis is assumed, then it is known that E{x) <C a;^/^ log^ x, 
giving 

(1.37) Mi{N,h,ipR) = Mi{N,h,^p) = Nh + 0{N^ h\og^ N). 

For k>2, leaving out the details that were included in [8], we have 
(1.38) 

miN,hM = ± Y ( aua',:U., ) WAN,j,a)+OiRN% 

r=2 ai,a2,...,aT-— 1 

where 

r-l 

Wr{N,j,a) = Yi^iiR)r Y Sk-aAN,ji,ai)+ Y Sk{N,j,a), 

distinct distinct 

Ji = {ji, h, ■ ■ ■ , ji-1, ji+1, ■ ■ ■ , jr-1, ji), ai = (ai,a2,...,aj_i,aj+i,...,ar-i,l), 

A.2(r) 



(1.39) Ck{R):= Y 



r<it 
(r,fe)=l 

(It is easily seen that >Ci(i?) <C log2i? for ii > 1. A precise estimation of this sum 
due to Hildcbrand [10] is given in (2.15) below). 

Formula (1.38) reduces the calculation of the mixed moments to the calcula- 
tion of mixed correlations. Our results depend on the extent of uniformity in the 
distribution of primes in arithmetic progressions. We let 

(1.40) i>{x;q,a)= Y ^n), 

n<x 
n=a{q) 

and on taking 

X 

(1.41) E{x; q, a) = ip{x; q, a) - [{a, q) = 1] 
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(where we have used the Iverson notation (1.49) below) the estimate we need is, 
for some fixed < i? < 1, 

(1.42) V ma,x \E{x;q,a)\<^-^, 

for any e > 0, any A = A{e) > 0, and x sufficiently large (see [1], Chapter 28). This 
is a weakened form of the Bombieri- Vinogradov theorem if = i, and therefore 

(1.42) holds unconditionally if i? < i. Elliott and Halberstam conjectured (1.42) 
is true with i? = 1. The range of R where our results on mixed correlations hold 
depends on i? in (1.42). We prove 

Theorem 2. Given 2 < fc < 3, let j = {ji,j2,---,jr) and a = {ai,a2, ■ ■ .Ur), 
where r > 2, ar = 1, and where the ji 's are distinct integers, and > 1 with 
Y,l=i at = k. Then we have, for N" <^ R <^ Nt^'" where (142) holds with i?, 
and maxj \ \ <C Nt^~'^ 

(1.43) Su{N,j,a) = {&{j) + o{l))N{logRf-^. 

In proving Theorem 2 we may take the argument of A to be n, the error aris- 
ing from arranging this by shifts of the range of summation being 0{\jr\N'^) + 
0((max|j-|)i+^). 

Using (1.43) in (1.38), and (1.17), we find that 

M2(7V,/i,Vii) ~ Nh'^ + NhlogR, 

(1.44) M3(iV,/i,Vfl) ~ Nh^ + 3Nh'^ log R + Nhlog^ R, 
and similar to Corollary 1 we have 

Corollary 2. For h ^ A log TV, A <C 1, and R = N^'' , where Ok is fixed and 
< 9k < -^zr[ for fc = 2 or 3, we have, 

Mi{N,h,^R) ~ AiVlogiV, M2{N,h,'il)R) {e2\ + \^)N\og^ N, 

(1.45) M3{N,h,i:ii) - (es^X + Se^X^ + \^)N\og^ N. 

The results for the correlations up to and including the third order of A/{(n) and 
Aij(n) coincide asymptotically, thereby implying the results (Theorems 1.6 and 1.7) 
of [8] on primes in short intervals, in particular 

.46) hmmf( )<r . 

n^oo logPn 2 

For longer intervals, instead of (1.42) we shall have recourse to Hooley's [13] 
bound depending on GRH that for all g < a; 

(1.47) max|i;(u;g,a)|^ «; a;(loga;)^. 

u<x 

l<a<q 
(a,g)=l 

It is easy to see that the same bound holds when the sum is taken over all 1 < a < g. 

For (a, q') > 1 we have 



E{u;q,a) =ip{u;q,a) < ^ A(n), 



n<.x 
n=a(mod q) 



where it is seen that only those n's which are powers of a prime divisor of (a, q) 
contribute. The sum is not void only if (a, q) has just one prime factor, say in 
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which case its value is < (logp)[]^|^J < logx. So the addition of {a,q) > 1 terms 

in the sum of (1.47) brings in < qlog^ x = o(a;log^ x). 
We prove 

Theorem 3. Assume the Generalized Riemann Hypothesis. For any arbitrarily 
sm.all but fixed rj > 0, and for sufficiently large N , with log N <^ h <^ Nt~'^ and 
writing h = N" , there exists ni, n2 € [iV + 1,27V] such that 



ij{ni + h) - ipim) - h > ( ^ ^ -rj){hlogN)^ 

(1.48) i;{n2 + h) - i;{n2) - h < -(^-^y^ - r/)(/ilogiV)i 

This is a new development in the sense that formerly our knowledge under GRH 
was restricted to lower-bound estimates for the absolute value of the variation of 
the error term in the prime number theorem. The strongest of such results were 
attained in [7] in the more general case of primes in an arithmetic progression 
which yielded as a special case inaxx<y<2x \'4'{y + h) — tpiu) " h\ {hlogx)^ for 
1 < h < Ni-"^. A proof of this is included in §10. In fact the general case was also 
obtained by using the correlations of Afi(n). There only the first and second level 
correlations were employed, nevertheless in the more general case of n € [A'' + 1, 2 A'"] 
running through an arithmetic progresssion n = a(mod q). 



Notation. In this paper N is always a large natural number, p is a prime number. 

The largest squarefree positive integer divisor of a nonzero integer j will be denoted 
by j* . If a lower limit is unspecified in a summation it will be understood that the 
sum starts at 1. When a sum is denoted with a dash as ^'this always indicates we 
will sum over all variables expressed by inequalities in the conditions of summation 
and these variables will all be pairwise coprime. We will always take the value of 
a void sum to be zero and the value of a void product to be 1. The letter e will 
denote a small positive number which may change each time it occurs. We will also 
use the Iverson notation of putting brackets around a truth- valued statement P{x) 
which means 



(1.49) [P{x)] = 



1, if P{x) is true, 
0, if P{x) is false. 



As usual, (a, b) denotes the greatest common divisor of a and b and [ai, 02, • • • , a„] 
denotes the least common multiple of 01,02, ■ . ■ ,a„. If = 0, the condition d,\k 
means d can be any positive integer; and we will take (0,a) = for o 7^ 0. We 
define 02 (p) = p— 2 on the primes, ^2(1) = 1, and extend the definition to squarefree 
integers multiplicatively. For arithmetical functions a, /3, we will sometimes write 

a ■ (3{n) for the product a(n)(3{n), and -^(n) for the quotient 



2. Lemmas 

Let us recall some well-known facts to be used in this paper. 
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We shall need the elementary estimates (see [7]), for an integer k ^ 0, 
(2.1) « loglog3|A;| 

p\k 



(2.3) 11(1 + -) < loglog3|A;|, 6„(fc) < loglog3|fc| 

p\k ^ 

which follow from the prime number theorem 
For a multiplicative function /(n) we have 

(2.4) 5^/z2(d)/(d)logd = (5^ YJ^) 11(1 + fip)) (n ^ 0). 

d\n p\n p\n 

If / : N ^ M is a multiplicative function satisfying < /(p™) < ai a™ at all 
prime powers, with constants cci > 0, < a2 < 2, then wc have uniformly for x > 2 

(2.5) E/(^)«-.- i;;^^-pE^- 

n<x pSx 

This result, quoted from [10] (which refers to [11] for the proof of a sharper version), 
helps us see that for monic polynomials Pi, Tf behaves on average the same 



as n'^^s^i degP2_ particular, we have 



(2-6) En 

n<x p\n 



p\n 



(2-7) En 

n<x p\n 

(2-8) E n 

XI <n<X2 p\n 



Plip) 

P2{P) 


<c 


X (degPi = degP2) 


Plip) 
P2{P) 


<c 


log X (1 + deg Pi = deg P2) 


P1{P) 
P2{P) 


«: 


1 + log(— ) (1 + deg Pi = deg P2) 

Xi 


PdP) 
P2{P) 




— (1+ deg Pi = deg P2, fixed a > 0) 


1 

P2{P) 


< 


(degP2 = 2). 

X 



n>x p\n 

Here (2.6) follows from a direct application of (2.5), (2.7) and (2.8) can be obtained 

by partial summation on (2.6), and to get (2.9) one may split the sum into ranges 
(a;, 2a;], (2a;, 4x], . . . and apply (2.8) to each part. Then (2.10) is shown by partial 
summation on (2.9) with a = 1. We will also need 



n<x 



(2.11) V « ^ 

^/n ^ 



to see which we apply (2.5) with /(n) = m(n) and then do partial summation. 
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Wc also quote a Perron-formula type of result Titchmarsh [19], §3.12. It will be 

oo 

used in proving Lemmas 2 and 3 which are needed in §7. Let A{s) = — ^, for 
CT = JRs > 1. Assume that a„ = 0(a(n)), a{n) being nondeer easing, and 

(2-12) ^(«) = E ^ = 

n—l ^ ^ 

For c>0, c + a > 1, we have for x ^ N and X is the nearest integer to x 
y ^ = J_ r^^'^ A{s + w)—dw + 0{—^ , 



l<n<x 



p,3) ^oi'-e^)^^HO('0^). 

Our first lemma is a generalization of a result of Hildebrand [10] . 

Lemma 1. Let Pi and P2 be monic polynomials such that deg P2 = 1 + deg Pi 
P2(p) ^ for prime p. We have for each positive integer k, uniformly for a; > 1, 

Piip) 



n<x p\n 
(n,fc) = l 

^ P2(p)-(p-2)Pi(p) , V- fi(p)logP . ^.rn(fc)x 

^(p-l)(Pl(p)+P2b)) ^^^^Pl(p)+P2(p)J^ ^V^^- 

Hildebrand's result is the special case 
(2.15) 

^^(-)= E #^ = ^fiog-+7+Ei^+E^Vo(^)- 

(n,fe)=l 

Note for future use that, by partial summation on (2.15), 

(2-16) E ^ log(-) = \ log' ^ + ^(log^)- 

Another special case we will use is 

p^ — p—\ 



n<x p\n 
(n,fc)=l 

nc + ;|^)n( ,3_t-X-2 't'°'' + ^ + 

V- (2p-3)logp (p^-p-l)logp c)( ^^^\ 

■ ^(p-l)(p3-2p2 + 2p-2) ^V(p3-2p2 + 2p-2)^^^ ^' 
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Lemma 2. There exists a constant C such that for all x > 1, 

M(n)02(n), 



IE 

n<x 



n(j){n) 



< C. 



3p- 4 



(p-i)O-i) 



= P(l)a;5 log^ X + Dx^ \ogx+ {E + o{l))x^ , 



(2.18) 

Lemma 3. As x ^ oo, 

(2.19) E-^'wn 

n<x p\n 

where P{s) is defined below in (3.20), and D, E are constants specified in (3.24.). 

In §4, §5 and §8 we will need 

Lemma 4. For nonzero integers j and k, we have uniformly in x >1 
(2.20) 



E 

n<~x 
(n,k)=l 



where j' 



(/)2(n) 



{i-[2 /%((2,,))}C2 n s n(S)+o(S7^)> 



p(p-2) AA^p-2^ 'x<j>{j')' 

p\k p\j 
P>2 p/fe 
p>2 



From (2.20) we derive 
(2.21) 

. li{n) II ■ (i){{n, j)) logn 



E^ 

n<x 



(t>{j*)x 



[ 62(2j)l^ + 0( ^'%lg^- ), if2|i. 

For use in §9 we prove 

Lemma 5. For et;en J ^ with k\J, and J <^ x^ (any fixed A > 0), we have 
uniformly in x >1 



(2.22) 



E 



(^)M-(^)d (p n,2 



-1+e^ 



^ ' p>2 

p\J 

pj(k 



p>2 
p\k 



3. Proofs of the lemmas 

Proof of Lemma 1. We follow Hildebrand's way [10] of obtaining (2.15). Let, 
for n e N, 



(3.1) 



fk{n) = < 



p\n 



P1{P) 

P2{py 



if (n, k) = 1, 



if (n, fc) > 1 . 
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Also define gk, the Mobius transform of fk, through 
(3.2) fk{n)=^9k{d), (neN). 

d\n 

We have 

n<x p\n n<x n<x n n<x 

{n,k) = l 

The arithmetical functions fh and gk are multiplicative, their values at the prime 
powers are 



form = landp|fc, 



(3.4) fk(pn - 

I 

and since gkip"^) = fk{p^) - fkip""-^) 



0, otherwise 



(3.5) 



9k{pn = { 



ppl(p) 1 

P2(p) 


for 


m = 


1 and p j{k, 


-PP1{P) 
P2{p) ' 


for 


m = 


2 and p /fc, 


-1, 


for 


m = 


1 and p\k, 


0, 


for 


m 


2, p\k or TO > 2. 



We see that \Sk{p — )| convergent, so that 9k{''^) absolutely conver- 



gent, giving 



p, m>l 



n=l 



n=l 



(3.6) 



p m>l 
1, 



17(1 - TT(i + ^ - 



) 



P\k P/ffe 

(p-l)Pl(p)-P2(p) 



P^'2(P) 



)n 

pi's 



^2(P) 



Pl{p)+P2{p)' 



Now fif/c(n) ^ only when n is of the form n = n\n2n\, with pairwise coprime rij's 
(i = 1,2,3) satisfying iJ.^{ni) = 1, ni\k, 712113 /fc, in which case 

(3.7, »(„) = n ( '"'■'tw'"' ) "(">>"» n SM- 



Pl"2 



Pl"3 



P2(P) 
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Hence, for t > 1, we have 



(3.8) 



ni\k „2<_i_p|„2 -^^b) n3<y^ 

V- 1 yr pPljp) - P2{p) 



« ^^E 



«: Vtm{k), 



where we have made use of (2.6) (resp. (2.9)) for the sum over (resp. n2). Next, 
for u > 1, we have 



(3.9) 



E 



9k{n) 



and therefore 



/ 72 E 9k{n)dt -^mik) / r^^'^ dt <^ 



(3.10) 



n<x 



^ gfc(rt) ^ ^ 



m{k) 



For the main term observe that 



E9k{n) X 
log- 
n n 

n<x 



9k (n) 



du 



u '-^ n 

n<u 



(3.11) 



-gjn^ rd_u_ riy9_Mau+ rW^-^du 

n=\ "'^ "'^ n>u ■'^ n>u 

9k{n) . 



n=l 

The last integral here is 



'-y^i^du+o{^). 



9k{n)\ogn 



n 



E°° 9k{n) ^ „ 
—;r E log^^ 



^ E log?''" E 

p, m>l 



fffe(n) 



n=l 



E 

p, m>l 



5ffe(p'")logp" 



■E 

n=l 

p/n 



5fe(«) 



n 



_ y> gfc(») V- gfc(p")logp'" A fffc(p') ._i 



n=l 



m>l 



flfc(n) [(p - 2)Pi(p) - P2(p)] logp _ ]0£p 



n^l " ";^k iP-^)iMp)+P2ip)) 



p\k 



(3.12) 



5feM/V [(P-2)^i(p)-i^2(p)]logP _ V- Pi(p)logP , 
n (p-l)(P,(p) + P2(p)) Z^(Pi(p) + P2(p))^" 



Plugging (3.12) in (3.11), and then using (3.11), (3.10), (3.8) and (3.6) in (3.3), we 
complete the proof of Lemma 1. 
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Proof of Lemma 2. Let 

li{n)(j)2{n) 1 



(3.13) ^(s):=E 



(n) ' 

the series being absolutely convergent for 3?s > 1. From (2.13) with x half an odd 
integer, we have 

(3.14) 1 r" A{l+^f-dw+0{^) + Oim^). 

1 log X 

Taking c = , which minimizes — , the error of (3.14) is 0(— — — ). Next note 

log X c T 

that 

where the last product is expressible as a Dirichlet series which is absolutely con- 
vergent for Sfts > 0. So we have 
(3.16) 

V = ^ 1 n(i+ ^ )- dw+o('^) 



Now we pull the line of integration to w = —j^^ + it, —T < t < T in accordance 
with the well-known zero- free region for C{s), so that the integrand has no poles in 
the region thus formed. Here 

(3.17) ^ = 0(log(M + 2)), «,>l-j-^) 

holds (see Titchmarsh [19], Thm. 3.8 and Eq. (3.11.8)), so that 
r-T^T+iT 1 -pj- 1 x^ 



dt 



K 



log T " ^ ^ ' p 

(3.18) «: a;"is?T logT / < x~'^ log-" T. 



For the integrals over the horizontal sides of the contour we have 

h 1 1 x^+iT 

__ C{l+u + iT) J-i^^ ^ {p- l)(pi+«+*^ - 1) (w + iT) " 

logT /"isi^ logT 
(3.19) «^ / . x^du^^. 

By taking logT = -/log a;, all the error terms in (3.16), (3.18) and (3.19) are made 
to tend to as a; ^ oo. So, as a; ^ oo, the sum of (2.18) tends to 0, and this 
completes the proof of Lemma 2. 
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Proof of Lemma 3. Consider 

Ms) ■= vA^^(^)n (3p-4)v^ -ndi^ (p-Dvp . 

(3.20) + ( V_f^^_^V^ _ 1) _ ^V/^ 1 



The series A{s) converges absolutely for 5ft s > 1, and the last product, call it P(s), 
is absolutely convergent for 5ft s > ^. Eq. (2.13) can be applied with a = 3, a; half 
an odd integer, and c = ^ + to have 

1 -/rn 1 Q ^ ^"^S ^ 1 

(3.21) =^y_^ ^(-+.)-d«.+0(^^) + 0( ^). 

In writing the very last error term (with an appropriate constant K) we have used 

p\n * 

and elementary deductions from the prime number theorem, namely (2.2) and 

(3.23) Loin) < ci- — ; . 

log log n 

Now we pull the line of integration to 5ft«; = S, < S < ^. In doing so we pass the 
triple pole of the integrand at w = ^ , where the residue is 

(3.24) P{l)x^ log^ x + Dx^logx + Ex^ 

(with the constants D, E made up of the Stieltjes constants and the values of P{s) 
and its first two derivatives at s = 1). On the left vertical side of the contour we 
will have 

(3.25) « x'i \ +log^T), 



/ (3^w + -)Piw+-)—dw « 

Js-iT 2 2 w Jo 



dt 



if we take i ^ — < 5 < h, U being an appropriate constant. To see this we 

logs T ^ 

employ the estimate (see Karatsuba and Voronin [16], p. 116) 

(3.26) C{a + it)=0{logi\t\), {a>l ^\t\>2), 

log3 \t\ 

which implies 

(3.27) x^ r m±l±Sl at « x^ r ^ at « W r. 
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Wc also have 
(3.28) 



L 



■dt<^x' 



Jo \6-^+it 



dt<^-Y- 



For the horizontal sides of the contour we have, by (3.26), 
(3.29) 



i-c+iT 1 It™ 1 /"^ 1 



'<5+iT 

Choosing 
(3.30) 



2:2 log^ T 
Tioga; 



2 (logT)4 



T = e i°<! i°« =^ log X log log X 



we make all the error terms in (3.21), (3.25) and (3.29) to be o{^/x). This completes 
the proof of Lemma 3. 

Proof of Lemma 4- We have 



(3.31) 



E 

n=l 
(n,fe)=l 



H{n)ij.- (j){{n,j)) 



=n(i+^)na-5r^) 



pj(k 



pj(k 



where we notice that the last product is if 2 / jk. If 2\jk, the products are 
re-organized to give the main term of (2.20), which has been expressed so as to be 
valid whether or not 2\jk. The 0-term of (2.20) is the tail of the series 



E 



m(")m • (t>{{n,j)) 



(n,fe)=l 



02 (n) 

(3.32) 

To obtain (2.21), let 

00 

(3.33) B{s) := 



li{n) 



<1\3 
(d,fe)=l 



n>x 
(n,fc)=l 



E 



E 



^x{t) 



(d,k) = l 



^ (42(i) 2; <^(d) x0(j') ■ 

(f,fej) = l (d,fe) = l 



H{n)ii- (l){{n,j)) 



:)n(i 



n=l pIj 

where for 5f s > — 1 the product is absolutely convergent. Then 

logp logp 



{p- l)p« -"-J: (p- l)2p«' 



(3.34) 



S'(0) = < 



. S2(2i)i2|2, 



But 



E 



{-\ogn) = B'{Q) + Y. 



^,(n)/i • 0((n, j)) 



n<x 



and the very last sum is shown to be <C similarly to (3.32) 



(logn). 
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Proof of Lemma 5. We extend the sum to all n, introducing as error the tail of 
the series for n> x. We have 

= (1 + M(2, k))) n(i - Hd + ^) n(i - (^). 

p\J p\k 
pj(k 

and the introduced error is bounded as 

(n,-^)=m 





1 


5 < 




)(m) 


m\J 


(t,2/) = l 


1 


E 

m| J 


0(m) 



>p 1 ^ 



1 



4. Pair Correlations of \R{n) 
In the case A; = 1 of Theorem 1 we have 

5i(iv,(io,(i)) = E^«(^+ji) = E^E^M'^) E 1 

n<N r<R d\r max(l,l+ji)<n<Ar+ji 

(4.1) = iV + min(0,ii) + O(^^^^^^) = 7V(l + o(l)) + O(ii), 

where we refer to (2.6) for 
(4.2) 

r<R ' 

To examine the case A; = 2 of Theorem 1 we need to consider 

N 

(4.3) 52(i) = 5^Afl(n)Afl(n + i). 

n=l 

In our earlier notation, 52(i) =S2{N, (0,i), (1, 1)) if j ^0,and52(0) =S2{N, (0),(2)). 
We have for any j, 

(4-4) S2ij)= E 4l?WrE'^M^)eMe) E 1- 

(p{ri)4>{r2) ^ ^ 

ri,r2<ii '^^ n<W 

e|r2 din 
e|n+j 
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The innermost sum is over n's in a unique residue class modulo [d, e] whenever 
{d,e)\j, in which case its value is N/[d,e] + 0(1), otherwise the innermost sum is 
void. By (4.2) the last 0(1) leads to a contribution of 0(i?^) in (4.4). Hence 

e|r-2 
(<i,e)|j 

Let (d, e) = 5, d = d'd, e = e'6 so that {d', e') = 1. Then the inner sums over d and 
e become 

E '^E/^('^') E Me')- 

(e',d') = l 



Here the innermost sum is 



(e',d') = l pj(d' 

Next the sum over d' becomes 



1, if2^|rf', 
0, otherwise. 



E = { 



m(t)' if ri=r2 , 
0, otherwise. 



Hence we have, for any j, 

•^^w = ^Eife\ E w+o(i?^) 

ri<R ^ ^ ^' 5|(ri,j) 

(4.6) = ivy Mn)Maji)y((i,n)) ^ , 
Now, if j = 0, (4.6) reduces to 

(4.7) (^«("))' = ^'^i(^) + ^(^')' 

n<N 

and by (2.15) this proves Theorem 1 for the case S2{N, (0), (2)). If j ^ 0, then by 
Lemma 4 

(A \^ M^i)M(0>i))'/>((j,ri)) _ n(ll!B£l\ 

and therefore 

(4.9) + 3) = ^^^(j) + O [^^) + 0(i?'), (j ^ 0), 

which completes the proof of Theorem 1 for the case S2{N, (0, j), (1, 1)). 
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5. The Mixed Correlations 

We now turn our attention to the mixed correlations Sk{N,j, a) defined in (1.5). 
The k = 1 case was noted in (1.6), and the first mixed moment was treated in 
(1.35)-(1.37). We consider 

N 

(5.1) S2{j) = Yl AK(n + j)A(n), (j ^ 0) 

n=l 

in the case of mixed second level correlations. In the notation of (1.5), S2{j) = 
52(^,(j,0),(l,l)). Wchave 

(5.2) S2{j) = J2^12'^>'(d) J2 ^W' O'^O)- 

r<R d\r max(2,l-i)<n<Ar 

d\n+j 

The innermost sum of (5.2) is 

(5.3) = V(^;t^,-j)-V'(niax(2,l-j);d,-j) 

= t^"^'^'^ ^^^W)^ + < ■ ^^^^ + i^'i)' 

by (1.41). Hence (5.2) becomes 

r<R ' d\r d<R ' g^R ' 

{d,j) = l (s,rf) = l 

(5.4) + b- < 0] • 0(log lil E ^ E <1 + ■ 

r<R ' d\r 

Since 

(dj) = l 

the main term of (5.4) is the same as that of (4.6), so (4.8) settles it. The last error 
term is easily bounded as 0{{R + \ j\ log^ R) log | j|). As for the error term with E 
in (5.4), it is 

«logi?loglogi?( E \E{N-d,-j)\+ E l^'{dmN;d,-j)). 

d<R d<R 
{d,j)=l {d,j)>l 

Here the first sum is estimated by the Bombieri- Vinogradov theorem (1.42), pro- 
vided that R <C N^/'^~'^. In the second sum only n's which are powers of those 
primes that are divisors of {d,j) contribute to V- Hence the second sum is 

<EE E iogp«: log^E E ^ '^^°s-^^°siog3|i|. 

p\j d<R p''<N p\j d<R 

p\d d\p'^+j p\d 

Thus we obtain, for j ^ 0, 

(5.6) ^2(j) = EA«(n+,)A(n)=iVe2(,) + o(^^^) +0(^), 
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completing the proof of Theorem 2 in the case k = 2. 

For mixed correlations of the third level we may begin with 



TV 



(5.7) 530i,j2,0) = ^Afi(n + ji)Ajj(n+j2)A(n), (jij2 0). 



In the beginning the two cases, ji = j2 or not, will undergo a common treatment. 

Using the definition of Aii(n) we can rewrite this as 

(5.8) 

M'(ri)M'(^2) 



e|r2 



E 



A(n). 



max(2,l-ji,l-j2)<n<Af 
n= — ji(modd) 
n=— j2(inode) 



The congruence conditions in the innermost sum arc compatible if and only if 
{d,e)\ji —j2 , in which case there is a unique residue class j such that n = j (mod [d, e] ) , 
and similar to (5.3) the innermost sum is 

N 

(5.9) = [{[d,e],j) = 1]-——+E{N; [d, e], j) + 0{m&x\ji\\ogN). 

<P{[d,e\) I 

Placed in (5.8), the error part of (5.9) contributes, (calling the last 0-term M) 



E 



mN;[d,em+OiM)] E E '^^''^ 



d,e<R 

<i,e)\h-h 



(si,d) = l (S2,d) = l 



c, ^ K 



logi?)2(loglogi?)2 mN;[d,e],j)\+0{M)] 

d,e<R 
(d,e)|ji-j2 

log i?)3 ^ [ max |i?(iV; A a) I +0(M)] ^ 1 

[d,e]=D 

logi?)3 y [ max \E{N;D,a)\ + 0{M)]d3{D) 

„ a(mod£>) 



logi?)^ 

logii)^ 

logi?)^ 
N 



\ 



E Ol m» |E(«;-D,<.)|+0(M)] 

ly 1/ ^—^ '„ a(modD) 



D<R^ 



D<R^ 



\ 



J2 Dl^:^-^ mB_JB(JV;D,a)|+0(M2)] 



D a(modD) 



iV2 



log-^^^iV 



Arii2 iog2 AT + (max \ji\yR^ log^ iV 



og^TV' 



(5.10) 

where B is as large as wished by taking A large enough, provided that R <C 
]S[^/'^-<^ for the applicability of the Bombieri- Vinogradov estimate (1.42), and that 
i?^maxi|ji| <C N^~^. In the above sequence of inequalities we have used some 
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well-known features of the divisor function (n) , and we have employed the trivial 

N\ogN 

estimate \E{N;D,a)\ <C =; — , and the {a,D) > 1 part of max is estimated 

JJ a(mod£>) 

to be <C NR"^ log^ N as was done for (5.6). 

From (5.8)-(5.10) we have 
(5.11) 

^ /A A n\ AT \^ M^(ri)/x^(r2) ^ dn{d)e^i{e) , N 

(dji) = l,(e,i2) = l 
id,e)\ji-j2 

for {j, [d, e]) = 1 if and only if {ji,d) = 1 and {j2, e) = 1. Letting 
(5.12) r[^-^^, r^ = -^, {d,e)=6, d = d'S, e = e'5, 

the inner sums over d and e in (5.11) take the form 

^ (/.(J) <^(d') ^ 0(eO • 

(e',dO=l 

Here the innermost sum is 



'I* ^It ^-Ix "^S:^,*)^ 



(e',d') = l pK pK ~^ 

So the inner sums over d and e in (5.11) become 



in which we can evaluate the sum over d' as 



' ^f-i -2 V 



5 



Now the inner sums over d and e in (5.11) have been simplified to 

''l(''l:''2) 

<5|ii-j2 

Plugging this into (5.11) the main term of S3{ji,j2, 0) is now expressed as 

rr;1Q^ M M^('-l)/''(^-2)/i('l)/Hf2) , , T-[ /l+P-P^. 
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Wc now express ri and as products of coprime factors and transform (5.13) into 

a sum over these new variables. Let 

(5.14) 

ri = {ri,ji)r[ = {ri, ji){r[, j2)r'l = {riji){r[, j2){r'lJi - j2)rT = SuSuSiar'" , 

say, so that sii|ji; 512^2, (si2, ji) = 1; sisKji - J2), (sis, Jij2) = 1; and 

{rTJihUi - ^2)) = 1- Similarly let 

(5.15) 

r2 = {r2,32)r'2 = {r2, j2){r'2, hVi = {r2,j2){r'2,ji){r2,h - hVi' = S22S2iS23r2, 

with 522^2; S2i|ii, (s2i,i2) = 1; S23|(ii -j2), (s23,iii2) = 1; {r2,j\j2{h -h)) = 1- 

Then we let 
(5.16) 

(S13,S23) = 53, 513 = ^l^S, ^23 = i2S3, {r'lyf'.^') = V, r'{' = SuV, r'2 = S24r, 

SO that ti,t2, S3 are each divisors of ji — j2 which are coprime to jij2, and S14, S24, r 
are relatively prime to jij2{ji —32)- We now have the factorizations 

(5.17) n = SllSi2tlS3Si4r, r2 = S22S2li2S3S24r-, 

with the just stated coprimality and divisibility conditions on these variables to be 
specified by a star on the summation signs below. Now the sum of (5.11) has been 
transformed into 

E* M^(sii)M(gi2)Mfti)Mft2)M^(g22)A^(s2i) M^(g3) tt/ 2 -.x 

^„ cl>{sil)c^^{si2W{hW{t2)<P{s22)r{s2l)ct>^{s^)\^^ ^ ' 

S22S2lt2S3S24,r<R 

^ ' r{si4W{s24Wir) ■ 

If ji = 32 = i 7^ 0, we have S12 = S21 = r'C = r'-^' = 1, so that (5.18) reduces to 

C^IQ^ ^T* A*^('Sll)A*^('S22)Mftl)A^fe) 2/ A TT (P^ - P - 1) 

^ ^ f^^^c^isn)4>{s22mhW{t2f^''^\^ {p-ir ■ 

SlltlS3<R p\S3 
S22t2S3<R 

We first deal with (5.19) by starting to sum over S3 as 

E M(^3)n (^_i)3 = 

S3<min(— S^,— ^) P\s3 

{S3,tlt2j) = l 

TT(i+ ) TT ( (^Z.!!! ){iogmin(-^,-^)+7 + 

^p{p-l)^' >3_2p2 + 2p-2^^ ^ ^Siiti's22i2^ ^ 

P P\tlt2j 

E {2p - 3) logp {p'^-p- 1) logP -1 
(p-l)(p3-2p2 + 2p-2) ^ (p3 _ 2p2 + 2p - 2) 

(5.20) 0(- '"^'^'^•^■^ ^ 



/niinf ^ ^ 'j 
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according to (2.14). The last error term will contribute to (5.19) 

^ "^(i) M^(gll)A*^(g22) ^^(tl)TO(tl) 

— — V max(siiti , 522^2 ) 



S22 



'^U) ^ M^(sii)Ai^(s22) /i2(ti)m(fi) 



^. <^(sil)'/>(S22) ^„ 

«22b- (tij)=i 



^ H^{t2)m{t2) f—r. sr M^(^2)to(^2) /— -p. 



^— 822 822 — «2 

(t2,tlj) = l (t2,tlj) = l 



„ Wi) rV- M^(-Sii)V^/<-^(.S22) V- M^(^l)\/^i"^7^(tl) 

V^^^. ./-(Sll) <^(S22) 02(tl) 

*22b (ti,j)=i 

, j K^(sil) M^(S22)VS22 n'^{ti)m{ti) ^ 

<k{Sll) </'(s22) ^„ <A2(i^) . 



S22b 



(tl,j) = l 

^ Vr ^ 'A(sii) 'A(s22) <i>{3*)VR 

S22b' 

Before calculating the main contribution from the log min term, we find the contri- 
butions from the other terms of (5.20). Since 
(5.22) 

^ (2p-3)logj3 ^ (p2_p-l)logp ^ •* 

T + E (^_i)(p3_2p2 + 2p-2) + . (p3_2p2 + 2p-2) « I°gl°g3tit2j 

as in (2.1), the sums over fi, t2 are each 0(1), and the sums over su, S22 running 
through the divisors of j are each of value j/(t){j), and by (2.3) 

p\j p\j 

the secondary terms of (5.20) contribute to (5.19) 
(5.24) « (log log 3/ )^ 

As for the main term of the brackets of (5.20), logi? — log max(siiti, 522^2), the 
logmax part will contribute little. For the ti, t2 sums are again 0(1), and the 
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sii, S22 sums are 
(5.25) 

/x^(sii)logsii A*^(522) J /i^(sn)logSn ^ j ^ ^ logp 

0(5n) </'(s22) ''^ 0w ^. vor V f ' 

where we have employed (2.4). Using (5.23), and (2.1) to bound the very last sum, 
the contribution from the log max term is also majorized as in (5.24). Wc note 
that it is possible to carry out the calculation (5.22)-(5.24) more precisely, but this 
wouldn't be significant since we have not been able to give a better evaluation of 
the contribution of the log max term. 

The main term of (5.19) has now been reduced to 

^ p{p-l)2>Llp3_2p2 + 2p-2 ^ </'(sil)</>(S22) 
P pIJ sii\j 

S22\j 

ti<_n_ p\ti l2<— 

— •'11 —'22 

(tij)=i (t2,fii)=i 
Now observe that by (2.9) 

1 °° — 1 1 

S ^(^)n ^3_2p2"+2p-2 = ^ 11( ^3 - 2^+2^- 2 ^ + 

n<x p|i n=l p|n 

(Ti,fe) = l (n,fe)=l 

Upon doing the f2-sum according to (5.27), the error of the last kind contributes 
to (5.26) 

logE M^(sii)m^(522)s22 2/. ^TT 1 

^ i? ^ 0(sii)0(s22) ^ ^ ^ '^Aip3-2p2 + 2p-2 

(ti,i)=i 

r^9S^^ log-R M^(gll) /i^(-S22)g22 logi^ j* j*d{j*) 

(5.28) « -^^^^^ . 
Prom (5.27) we see that the main term is now 

— /X'(S11)/^'(S22) 



(5.29) ^ M*i)n 



I . ^ -.r . .r - , ■rySn)(j){S22) 

pb siib 

S22|j 

p-1 



p^-2p^+p-l' 

(tl,j)=l 
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As in (5.27) we have 

ti<-R- p\ti vKi 
— »ii 

(tiJ)=i 

and this last error leads to a contribution of 0{R~^'^'^) just as in (5.28). The main 

term becomes 

(5.31) 

inc-ffTTn ^ \T\ TTn i V M^(gii)M'^(g22) 

^ J-J-^ p(p-l)2^-l-,-l-p3-2p2+p_lii^ p3_2p2+p_l^Z^ 0(S11)0(S22) 

S22 \j 

Note that if 2 / j, then the third product is 0. We simplify (5.31) and obtain the 
final expression for the main term as 

(5.32) [2\j] 2 n (1 - 7-^) n ^ = ®2(i) log R. 

p>2 '^^ ^ p\j ^ 

p>2 

Since the largest error term all along this calculation (besides that of (5.11)) was 
0(A'^(loglog3j*)2), this completes the proof of Theorem 2 in the case fc = 3, r = 2 
in view of (1.9). 

We now calculate the expression (5.18), with ji ^ j2, jij^ ^ 0, for the case k = 
r = 3 of Theorem 2. Some additional notation will prove to be convenient. Let J = 

bii2(ji -j2)]*, jl = (ji*)'(ii*, is*), 3*2 = (j2*)'(Ji,i2*), (ii - i2)* = (jj, j|)j3> so that 

J = (i*)'(j2)'(i*)i2)i3 ^ product of relatively prime factors. The conditions on 

the variables arc rewritten as sii I S22I.721 ■si2|(.72)', S2i|(j5')', S3tit2|i3> {rsi4S24,J) = 
1, with S3, ti, t2 being pairwise coprime and the same for r, su, S2a- 
We start by summing over r, observing that 

(5-^^) 2. ^i^= 2. ^3(;r+oy =11(1 -(^31)3)+ oy- 

n<x ^ ^ ' n=l ^ ^ ' plk ^ ' 

(n,fe)=l (n,fe) = l 

In our case 

r<inin( f , S ) 

(r, Jsi4S24) = l 

p3 _ 3p2 ^ 2p - 2 -pp (P - 1)' 

11 (p-lf IJ- p3_3 2 + 2p-2 

P p|7si4S24 

(5.34) """^(^ max(siiSi2tiS3Si4, 521522*253524)) 
is fed into (5.18). The error term of (5.34) brings 

l_ sr^* jH^(sii)/i'^(.Si2)/i^(tl)/X^(*2)/i^(g22)/i'^(s2l) 

R 4>{SllW{s^2W{hW(t2)cj>{s22W{S2l) 

SllSl2tlS3Si4<K 
S22S21*2S3S24<-R 

(K-iK\ Ai^(s3)s3 TT. 2 ^^ M^(5l4)/i^(s24) . , , x 

(5.35) X (p -?'-l)-ro7 TToT rmax(siiSi2tlSi4, 521522*2524), 

(53) -^-^ 0^(514)0^(524) 
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in which the next summation over S24 reads 
(5.36) 

/ IT} 7SIIS12I1S14 + > ^ -77 752132212524- 

^ , <P"'(S24) , ^ 9^(524) 

S24<£11±12±L114 £ll£l2£l-L4<g < 

(S24,JS14) = 1 (S24,JS14) = 1 



This makes (5.35) majorized as 



^'^(siOsil ^^^(312)512 At^(*l)*l M^(t2) m'^(S22) M^(g2l) 
i? ^ 4>M ^HS12) 4>Htl) 4>Ht2) 0(S22) ^HS21) 

S22S2lt2S3<R 

r(s3) ^^f-^ r(si4) 



* M^(sil) M^(S12) M^(il) M^(*2)i2 M^(S22)S22 M^(S21)S21 



<A(sn) 02(^^2) </'2(il) <^2(t2) </'(S22) <^2(S2l) 

SllS12tlS3S14<rt 

S22S21*2S3<-^ 

,2/ 



P|S3 



where we have made use of (2.8). Now we sum over S14 and majorize (5.37) as 



logi? A^^(3ii)sii A^^(si2)si2 M^(^2) A^^(S22) M^(g2i) 

i? ^ 4" "^(^ll) '^'(^12) ^2(^2) ^(^22) <P^{S2l) 

SllSl2tlS3<H 



E 



M^_(f3)£3 

^=^(53) 

* /-i^(sil) A*^(S12) H\ti) Iji\t2)t2 A*^(S22)S22 M^(s2l)s21 



^„ 0(sn) <A^(si2)<^2(il) </'2(t2) <A(S22) <^2(S2l) 

S22S2lt2S3<fl 

xi^<|ifin(.^-.-i)) 

P|S3 



< R 



where to sec the last line it is enough to observe that all of the summations arc over 
variables which divide ji or j2 or ji — j2, and a more precise (but more complicated 
looking) factor than i?^ could easily be given. 
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We revert to (5.18) with the sum over r aheady performed in (5.34) so that the 
main term has been turned into 



y. p^-3p^ + 2p-2 y. (p-l)3 

p^ -3p^ + 2p-2 

p \c / p|.7 



M (sii)a*(si2)a* (s22)Ai(s2i)/i(ii)/i(i2) 



S\\S\2tlS3S\i<H 

P\S3 p|si4S24 



For the sum over S24 we have 



J2 ^(^24) n : ^ ^ 

S24< P|S24 ■ 

(S24, JS14) = 1 



p3 - 3p2 + 2p - 2 



P/fJsi4 



The error terms, here and in what follows, can be considered similar to above ending 
up with 0(i?^^+') as in (5.38). So from now on we shall just concentrate on the 
main term, which upon (5.39) has become 



p-'' - 3p2 + P - 1 -i-r {p- 1) 



3 



n p" - 6p- +p - i yr 
(p-l)3 Iip3_3p2_^ 1 

P \i- / p\J 

V^* ^2(sii)^(si2)A^2(s22)M(g2l)Mftl)Mft2) 

SllSl2tlS3Sl4<rt 
S22S2lt2S3<fl 



P|S3 p|si4 



Next in row is the sum over S14, 



p-1 



p^ — 3p2 + p — 1 

S14< Pl«14 

(S14,J) = 1 



pp 
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This shows that if 3 / J, then the main term is 0. Note that 2\J always. So now 
we can express the main term as 

fsiJi n ^'(^-'^ n 

p>3 



E* (gii)M(gi2)M (g22)A*(s2i)A^(^i)Mft2) M (ga) tt. 2 

,cl^{silW{si2)ct>{s22W{s2lW{tlW{t2)^^{s^)^^^^ ^ 



SllSl2tlS3<-R Pl«3 
S22S2lt2S3<-R 



(5.43) 



From now on the inoquahty conditions in ^ become superfluous as all of the 
remaining variables to be summed over are divisors of J, which is <C R^, and 
therefore satisfy these inequalities anyway. The sum over S3 is 

(5.44) I' (^3) n -(^3T)^ = n (^31)3 ' 

turning the main term into 

P^'^ p\J PlOs 

p>3 



/r4r^ S^* P {Sll)fi{si2)^l^{s22)n{s2l) . , . 

P|tlf2 

Now the sum over t2 is 

(5.46) Y: M^2) n p3_2p2V2p-2 = n ,'2^2 + 2^-2 ' 

and the main term becomes 

p>3 

/r 'Sp* ^^(sii)/x(si2)/X^(s22)m(s2i) . . TT p-l 

^^•^'^ ^2^ 0(sii),^2(5^2)^(^22).^2(S2i)^^ '^■^,ip3-2p2+p-l- 

We continue by summing over ti, 

(5-48) E n ,s-2p^l,-i = n ,3^^^;^^! ' 
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where the very last product is if 2\j^ (which is equivalent to 2 / jij2)- Now the 
main term has been simplified to 

ii Jn (^_i)3 ii;.^(;.-3)ii (p-i)3 

p>3 

/t-4q^ Y^^. M^(sil)Mgl2)M^(s22)/^(S2l) 

For the final reduction of the main term we have 



^ M^(g22) ^ (i2*)'(jl*,.72*) 

0(^22) H{f2ymjhJ*2)) 

V- M(s12) ^ TT P{P - 2) 

^i2|(i|)' ^ ^ pIOD' 

m(s2i) T-r p(p-2) 



(^■50) E = n 



which shows that the main term is if 2|(jJ)'(j2)'- Hence, since 2|J, in order to 
have a nonzero main term it must be that 2|(jJ',j|). Thus we find that the result 
of the summation (5.18) is 

roi^.-* .•*Mr-^i 71 TT P^(P-''^) TT ~ TT P^^P-'^) 

[2ioi,.2)][3iJ] n n 

P-''^ p\J P\3i 

p>3 

^' ^ </'((jl*)')'^((j2)')>((jl*,J2*))^ IkiP-^f 

P\3\ J2 

To re-organize (5.51), note that the product over all p > 3 is IC2C3 (sec (1.13)), 
and recall that for nonzero main term 2|(j^,j2) so that 2 / (ji )'(j2)'i3> ^^"^ then 
consider one by one the four possibilities arising from 3|(j*)'(j|)'(j;*,i2)i3 ^ ^o 
which factor 3 divides. In this way we find that the main term is 

[2i(ii,i2)][3iiii2(ii-i2)]6C2C3 n n 

p|(ii.j2) p|iii2(ii-j2) 

p>2 p>3 
(5.52) = 62((.n,j2))63(jlj2(jl - J2)), 

and, by (1.10), this completes the proof of Theorem 2 for the case k = r = 3. 
6. Re-expression of the pure triple correlations S3{N,j,a) 
In this section the sum 

N 

(6.1) S3{N,j,a) = J2Mn + ji)Mn + j2)XR{n) 

n=l 

will be reduced to a multiple sum over relatively prime variables. Later on three 
cases will be considered: If ji = j2 = 0, then the sum is S3{N, (0), (3)); if ji = = 
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j ^ 0, then the sum is S3{N, (0, j), (1, 2)); if ji ^ j2 and jij2 7^ 0, then the sum is 
S3{N, (0, ji, 72), (1, 1, !))• Prom the definition of Aij(n)'s we have 

ri,r2,r3<R ^j^^ 

e|r2 n=— ji(inodd) 

f\r3 n=-j2(mode) 
n=0(inod /) 

The innermost sum is over n's in a unique residue class modulo [d, e, f] whenever 
{d, e)\ji—j2, {d,f)\ji, (e,/)|j2 in which case its value is iV/[(i, e, /] +0(1), otherwise 
the innermost sum is void. As in (4.5), by (4.2) the last 0(1) leads to a contribution 
oiO{R^) in (6.2). Hence 
(6.3) 

(d,e)\ji-j2 
(d,/)|ii,(e,/)b2 

We can express the summation variables as products of coprime factors (since the 
Mobius function restricts us to squarefree r^'s) 

(6.4) n = aiai2ai3ai23; r2 = 02012023(1123; ''3 = 030130230123, 

with the understanding that for a subscript x, o-x ^ divisor of those Vj 's where j 
occurs in x- We can now write 

(6.5) d = didi2di3di23; e = 626126236123; / = /3/13/23/123, 

where a d or e or / with a certain subscript is a divisor of the o with the same 
subscript (e.g. cii2 | 012). Then we have 

(6.6) [d,e,f] = Ciie2/3[rfl2,ei2][rfl3,/l3][e23,/23][rfl23,ei23,/l23]- 

So the inner sum of (6.3) over d, e, / becomes 
(6.7) 

<^126l2 (^13/13 623/23 1^1236123/123 ^^qT^^ M(/i23) 

^ [rfl2, 612] [(il3,/l3] [623, /23] [rfl23, 6123, /123] 

<ii<ii2<ii3rfi23 1 ai 0120130123 

e2ei2e23ei23|02 0i20230l23 

/3/13/23/123I030130230123 



where • • • indicates that we have the Mobius functions of all of the twelve variables 
coming from (6.5), and tl 
also obey the conditions 



coming from (6.5), and the star in ^* reminds us that the variables of summation 



{d,e) = (di2,ei2)(di23,ei23)b'i - J2 

{d,f) = (di3,/l3)(c^l23,/l23)|jl 
(6.8) (e,/) = (623,/23)(6l23,/l23)|j2- 
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Now (6.7) can be broken into simpler sums as 

>p M(<^123)M(ei23)M(/l23)<^123ei23/l23 
^ [<^123,ei23,/l23] 

C^123> ei23i /l23 |ai23 
(dl23>ei23)|jl-j2 
(rfl23j/l23)b'l 
(ei23,/l23)b'2 

^ /x((ii2)M(ei2)(dl2,ei2) ^ M(c?13)/"(/l3)((il3,/l3) 

d\_i,e\_i\a\i rfi3,/i3|oi3 

(6.9) 5^ M(e23)M/23)(e23,/23)^Mrfl)E'"(^2)^M(/3). 

623, /23 1 023 <il|oi 62] 02 /3I03 

(e23,/23)l(,j23',"fj23) 

The last three sums yield a nonzero contribution only if ai = a2 = as = 1. As for 

the other sums, by multiplicativity, it suffices to evaluate them when the are 
prime. We have for squarcfrcc a^'s 

^ /x(di2)/(x(ei2)(di2,ei2) = n{ai2)iJ. ■ (j){ai2,ji - ja) 

dl2, ei2|ai2 

(dl2,ei2)| (^,^37,^,^3) 

^ /i(rfl3)M/l3)(rfl3,/l3) = M^IS)/"- ?!'(ai3,il) 

<il3, /13I013 
(««13,/l3)l(d^23,Vi23) 

(6.10) ^ M(e23)M(/23)(e23,/23) = A* (023)/^ ' </>(a23 , j2) , 

623, /23|a23 
(e23,/23)|(ei23,/i23) 

and 

M(<^123)M(ei23)M(/l23)c^l23ei23/l23 



(6.11) E 



[cil23, 6123, /123] 

dl23) ei23, /123I0123 
(dl23,ei23)b'l-j2 
(rfl23,/l23)bl 

(ei23,/l23)|i2 

0((ai23,il,j2)) 

^ I' («i23,j2) , (ai23,ii-j2) n TT ^ o^ 
X (/)2((oi23,Ji))(/'2(7 : — r^mil ■■ ■■ — II -2)- 

(ai23,Jl,j2) (ai23,Jl - J2,jlj2) 

p\ai23 

Thus the sum in the main term of (6.3) has been transformed into a sum over 
pairwise coprime variables a^, 

/i(ai2)/i ■ <?!'((ai2,ii - i2))/u(ai3)/i • <^((ai3,ii))M(a23)/i • 0((a23,i2)) 



<3'12Ct230l23^^ 



M^(«12:0/'-o((a,,:;.,,.,,))o,((.,,:.,0)o.(-i^;^ 

X 



A3 



(ai23) 



(6.12) XM-rf(7 r^). 

(CH23,J1J2(J1 - J2)) 
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7. Pure triple correlations: The case ji = j2 — 
In this case (6.12) reads 

fi^{u)fi^{v)n^{w)fi{y)(p2{y) 



(7-1) E' 



uvy<R 
uwyCR 
vwy<R 

We begin by summing over u as 



(7-2) E 



x<min(-^,-^) 

— ^ vy ^ vjy ' 

{uyVwy)=l 



which is evaluated by (2.15), and plugging into (7.1) we have 

(7 3) +0( E' ^^(^^^^(^^^^^^^^^(^^"^^^"^^^ ) 

^«;j,<ij (t>{v)(l>{w)(l>^{y)^mm{^, ^) 

where we have written D\ for the constant 7 + ■ ''^il^ regard the 

logmin occurring in (7.3) as log(;;;^) + logniin(t;, w). First, upon letting z = vwy, 
we have 

w ii^{v)iM^{w)^iiy)(j}2{y) , . i? . ^ /f!(£)w(:^)y" ^iMMi^y^ 1 

vwy(h(y) vwy ^ z z ^ d)(y) ^ 

vwy<R n j^l^ rvy/ 

^ ^^.^^%)0(y) . 

(7-4) =E^l°g(-) = ilog^i? + 0(logi?), 

by (2.16). Similarly, we have 

(7 5) y' ^.\v)f^HwMy)My) = V ^ = log + 0(1), 

and 

v^' j»'^(f)A^^(w)M(y)02(y) ^ logp ^ M^(g) logp 

^ vwy(h(y) ^ p ^ (j)(z) ^ p 

vwy<R y-ryy) ^^^^^ f y\ j 

^ logP ^ logP M^(w) 

fl^ (m,p)=l 

log — logo 
(7.6) «E ;2 «logi^- 
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We can take the logmin(w, w)-terni as twice the summands with w < v, that is 

(7.7) 2 V' M^WM^H/;fa)^2(^) 

^ vwy(f){y) 

vwy<H 
w<v 

Now observe that in the sum of (7.5) the terms with v = which can only be 
present if t? = = 1 , contribute 

(7.8) V ^^M^ « 1, 

by Lemma 2. So the sum on the left-hand side of (7.5) is 

vwy(j){y) 

vwy<R 
w<v 

Writing 

(7-9) > . = ); > /,;«;( ) = gw{w) 

^ y(p{yj vw ^ V vw 

{y,vw) = l {v,w) = l 

(the subscripts of / and g refer to the coprimaHty conditions in the sums), (7.5) 
says that 

(7.10) 2 J2 ^^gM=logR + 0{l). 

With this notation (7.7) can be rewritten as 

(7.11) 2 ^ !lMg^^^,)iogw, 

w<VR 

and by partial summation on (7.10) we find 

(7.12) 2 V tl^g^{w)\ogw = -\og^R + 0{\ogR). 

'-^ W 4 
w<VR 

Thus the first line of (7.3) has been shown to be (| log^ R + 0(log 2R)), for R>1. 

It remains to consider the error term of (7.3), which can be rewritten as 
(7.13) 

2 ^1 fj?{v)ii'^{w)fj?{y)m{vwy)(l)2{y)^ 1 ^ tJ^{y)m{y)(j)2{y)^ 



^vw^<R cp{v)cf>{w)cP^y) ^^R "^"(2/) 



Let 



(7.14) K.{^)= V i^'iy)-^iy)'t>^^y)Vy 
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SO that (7.13) is 



2 n^(v)n^{w)m{vw)y/v ^ f^\,hfn\ 

•vAR ^ (j){v)(j){w) ^vw' 



vw<R 

VR Hw) ^„ H^) vw' 

w<VR w<'"<^ 
{v,w) = l 

2 -k - ^'^{w)m{w) 



u<s/R 

say. Note that hi{R) is the contribution of the terms with v = w = 1 m the error 
term of (7.3), and we know by (2.11) that 

.2/ 



(7.16) h.iR) < ' E '-^^ « 1- 

Now consider the expression 

J_ W A*^(iO/r («;)//- (/y);//(r»7y)o2(/y)^T7?y 

On one hand with the notation defined in (7.14) and (7.15), (7.17) may be re- 
expressed as 

(7.18) — ^^(V ^-(")+^^(^)- 



On the other hand by putting ^ = vwy, the sum of (7.17) becomes 
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(y) 



\ - iP'{z)m{z)^ \^ 02(y) , ^ /x'^(^)m(^)v^d(2:) 

" S — — S'' " ^?/ n (..ikv^-d^ 

(7.19) 

The last sum has been calculated in Lemma 3, giving 

^ /i^(,r),.("0^ ^^(^) ^ 2P(l)i?^ log^ 0(i?^ logi?). 

Prom here we obtain by partial summation 

By (7.21) and (7.16), the quantity in (7.15), i.e. the error term of (7.3) is 0(1). 
This completes the evaluation. 
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8. Pure triple correlations: The case ji = j2 = j ^ 
In this case (6.12) assumes the form 

li^{u)iJ.{v)ii ■ (l){{v,j))fi{w)fi ■ (p{{w.j))fj:^{y)n-(l){{y,j))(j)2{y) 



(8-1) E 



<Piu)<p^iv)<p^iwW{y) 

uvy<R 
uwy<R 
vwy<B. 

and doing first the sum over u as in (7.2), we get 

v(i>{v)w(j){w)y4P{y) 

(8.2) x[logmin(:^,A) + ^,+ ^ 1^] 

vy wy f — ^ p 

pivwy 

_^Q^ W IJ,'^{v)fj.'^{w)fi'^{y)(f>2{y)<j)i{vwy,j))m{vwy) ^ 

The last error term is at most as large as the error term of (7.3) which was shown 
to be 0(1). As in (7.4), letting z = vwy, the log-term in the brackets being 
log(-j) + \ogmm{v,w), we view the main part of (8.2) except for the contribution 
of the last log min-term in the form 

ox tJ'{z)iJ'- (p{{z,j))a{z) M-^ Ky)4>2iy) V 1 = V m(^)a< ■ <P{{z,j))a{z) 

z<R ' y\z w\f z<R ^ ^ ' 

In the present situation a{z) = log(f ) + Dx-\- Y.p\z % Lemma 4 and (2.21), 

we have 

z<R ^ \ ) 

e.o-,(,„gii+D,)+o(aaif^) 

Next we have, by Lemma 4, 

fJ'{z)lJ'- HjzJ)) logP ^ logP l^{z)lJ'- <P{{z,j)) 

z<R ^ ^ ' p\z ^ P<R ^ z<R ^ ^ ' 

p\z 

^ logPM(p)A^ ■ <t>{{P,j)) /x(u)/i ■ (6((M,j)) 

— p 

(«,p)=l 
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M((2,i))log2 fi{u)ii- (j){{u,j)) 



u<4 



(u,2) = l 

'^((p,j))logP ii{u)n- 4>{{u,j)) 



(m,p) = 1 

— i — 6.(2.)-[2b]2c. i: n (^) 

97^2, p 



M((2,i))log2 , ~ / logp logp 



^ ^ 2 n2(p-2) 

2<p<K 2<p<ii ^ ' 

p\j pJIj 



(8 5) |0. i*<i*) rV logP , V iQgP n 



where, by (2.1), the sums in the very last O-term are <C log log 3j*. 

To finish off this case we deal with the log min-term for which we have 



y M(^)M- 0((^,i)) y Ky)My) y log ( fZ?/ , ^) I 

^ A.^(0),/>((^,i))3'-(^)log^ 
^ ^ M^(^)3-(-)log^ 

d\j* z<R ' 



(t,j)=l (tJ)=l 
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17(1 + ) n( ^ ) y -ii^ « 1. 

p pIj pKj 



Now note that 

(8.7) y ^'yr'"^ =TT(i + , ), (3?s>o) 

n=l p/fj 

from which it follows that 

^ M^(n)3-(")logn _ , ^ m!M^VI 
^ ^ (t>{n)n ~ ^ ^ (/.(n)n^ > '^=' 

n=l n=l 
(n>j)=l (",i) = l 

3 xTT/ P(P ^ 1) \ Slogp 

Pil 

So the last line of (8.6) is 

(8.9) «i+E — rf^ = i+Ei°g^'E^' 

plfe 

in which the inner sum over k is 

=-pY.'^=-p n (1+^)=^ n (i+f)- 

' P ^1 p g:prime 

g:prime 

Hence (8.9) is 

(8.10) = 1 + 3 J](l + 5) 5^ « (loglogSi*)^ 

P\3* PU 

The results of this section are combined to give the evaluation of (8.1) when JR — > oo 
as 

(8.11) S2(j)logi? + 0((loglog3j*)4). 

9. Pure triple correlations: The case ji ^ j2,iii2 
We begin the evaluation of (6.12) by employing Lemma 4 to sum over a\2 as 
M(«i2)j»- '/'((ai2,ii -h)) ^ 

ai2<min( ^ , ^ ) 

(0l2,ai3a230l23) = l 

{l-[2/ai3a23ai23]M(2,ii-i2))}C2 11 

p|ai3023ai23 i2 
P>2 p/ai3a23ai23 
p>2 

(9-1) +o{ . — ^), 

(!)(?') mm( — — , — - — ) 

T^W / ^0130123 a23ai23'^ 

where 
(9.2) 



((ii -i2)*, 0130230123)" 
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Let us first consider the main term, which after (9.1) takes the form 



(9.3) 



ai3023ai23<fl ^ ('^is) 

^ M(«23)M • 'A((Q23, j2)) M^(ai23)M " " ^2 ((ai23, jl , 72)) 

0^(0.23) (^■'^(0.123) 

^ , . (0123^1) x, . (0123^2) ^ (Ql23,jl-j2) ^ 

X 02(7 : r^)Ml ■■ r^)Ml ■ : — t) 

(ai23,Jl,j2) (ai23,,7l,.72) (ai23,Jl - J2,jlj2) 

^ ^/ 0123 . TT (P - 1)^ TT P- 1 

^' Hai23,iii2(ii-i2))^ , PiP-2) -11 p_2- 

P|ai3a230l23 p\ji—j2 

P>-^ p/ai3a23ai23 
p>2 

Writing ais = t;, 023 = w, 0123 = j/, 2; = wwy, turns this expression into 

c2^{i-[2|.]M(2,ii-i2))}M(^)n^(^ n 

2<fl p|z Pbl-j2 

P>2 p/z 

p>2 

^ M^)/^ • • '^2((y,.l, j2))^2((j5f^)</>2((^)02( (,^^^^^^^^^^ 

(9.4) X n (_2)^M-'^((«^,i2))M-0((— ,ii)). 

p\y ™lf 

P/fju'2 0l-j2) 

The innermost sum, over w, is 

M-0((w,j2)) 



'2/' ffl <^(("''ii)) 

' y 



^^■^{C-,h)) n 2 n (1-^) n n 2 

Pl(fJlj2) pl(fji) p|(fj2) Pif 



P/fj2 p/jl P/jlj2 



. ss ,,,Z 



<f)2, (f'il) , ^ , (f'i2) 



Notice that for even z the contribution to (9.4) of an even y is for any ji and 
j2, and (9.5) shows that for even z an odd y makes a nonzero contribution only 
if j\ — j2 is even. Plugging (9.5) into (9.4), upon effecting simplifications, (9.4) 

becomes 

(9.6) 62(ji-j2)x 

H- d{z)fi ■ </)2((^, ji))Ai • MilTJ)'h))^^■'|)■d{{z,jl,j2))Mi-!TT)^h-j2)) 

fZk ^<^2((^)0((^,,7l-j2))d((^,jd2))0^(((f2)'JlTj^ 

/^((y, ji))m((2/, J2))m((2/, jU2(ji -j2)j)M{yJiJ2))<i>2{{y,ji - j2)X(y, jij2)) 



I , Hy)Miy,h-hJij2))diiy,ji,j2))d{{y,jij2iji-j2))) 

Recalling the notation used in §5, J = [jij2{ji - J2)]*, jl = (Ji)'(j7 -iS); J2 = 
(i2*)'(ii*,i2*), (ii -i2)* = {jt,j2)3h so that J = (ii*)'(i2*)'(ii*,i2*)i3* is a product of 
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relatively prime factors, the inner sum over y is expressed as 



since ji — j2 must be even for nonvanishing (9.6). Hence (9.6) becomes, upon further 
simplifications. 



(9.8) 62(ji-.72)x 

^pM-C^(^)M-02((^,,?l))/i-02((^, j2))/U-0-C^((2:,Jl,i2))<^2((^,jl -h)) 
fZk <^W02((^)0-d((z,Jl-j2))rf((z,jli2))</>i(((^,il,i2)) 

= 62(ji -i2) E ;/S¥^^«"'-^))S«"'^3)M2((7;^, J)). 

^W^)'/'2(^)a (2,2) 



The last sum has been settled in Lemma 5, so that (9.4), that is the main term, is 
evaluated as 



pp '^^ ' p>2 ' p>2 ' 

imm - m m n j^^, n , n , ?^ 

VliJ P\l Pl0l,J2) 

p>2 p>2 



=[3k][2iji-j2][2/j3i(2C2 n ^)^33n^ 

p>2 

(9.9) = S3(J)62((ji*,J2)) = 6((0,ji,j2)) 



p>2 p>3 



and there is an error of 0{R 
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It remains to carry out the follow-up of the error term (9.1) in (6.12), which is 



^ ^-1+e A^^(z)z0((z, J))02(?/) 

^ 02(z)0(y)min(u;,w) 

^i^z)z^{{z,J))d{z)^ My) 



IJ,^{z)z(/){{z,J))d{z) y;^ 

^ ^ 2^ jflHS 2^ 



(9.10) 

This completes the proof of Theorem 1 in the case considered in this section. 

10. Preliminaries for proof of Theorem 3 
Consider the quantities M.'f.{N, h, ipR, p, C, A), say A4'^. for brevity, defined as 

2N 

(10.1) 7W;= {i^R{n + h)-tljR{n)-h-CA)''-m;{n + h)-tjj{n)-h-pA), 

n=N+l 

whore p and C are to be constants, and A = o{h) will be chosen appropriately. The 
' on M'j^ (and on M^, 5^) signifies that the sum over n runs from 1 to 2N . Our 
main interest here is the case fc = 3. The Generalized Riemann Hypothesis will be 
assumed in this section. 

For fc = 1 we have by (1.37), 

2N 

(10.2) M'^ = + h) - ijj{n) - h - pA) 

n=N+l 

= M[{N,h,il;) - {h + pA)N = -pAN + O^N^hlog^ N), 

valid for ft, < iV and N ^ oo. The k = 2 case is more illuminating in that it helps 
us see the appropriate choice for A. We have 

2JV 

M'2 = {■4'R{n + h)-i)R{n)-h-CA){tP{n + h)-il){n)-h- pA) 

n=N+l 

= M^{N,h,ijR)-{h + pA)M[{N,h,ijR) 

(10.3) -{h + CA)M[{N, h,ip) + {h + pA){h + CA)N. 
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Eq.s (1.28) and (4.1) give 

(10.4) M[{N,h,i,R)= S[{N,{h),{l)) = Nh + 0{Rh). 

\<h<h 

By (1.38) we have 
(10.5) 

M'^{N,hM=Ct{R) S[{N,{n),{l)yr Yl S!,{N,{h,j2),{^^)WRN'). 

i<h<h i<ji,h<h 
distinct 

Here the first sum is M{ [N, h, ip) which we know. In the second sum we cannot use 
the evaluation (5.6) since the contribution of error term coming from the Bombieri- 

Vinogradov theorem will be greater than the main term of A^J, when h is a power 
of N. We begin by proceeding similar to (5.1)-(5.6), and we write j = — ji, so 
that 

E i;wo.,.a.(M))=« e E^ E ^ 

T^<h,h<h l<ji,j2<hr<R d\r ^ ^ 

distinct distinct (^fij^—j^'^=i 

,2/ 



'^<jid2<hr<R d\r 
distinct 

= « E is.o,-..)+o(g<£)), 



1<^1J2</1 

distinct 



l<ji<ftr<_R ' d\r l<j<h-l " 



= 2N Y E [62(i) + 0( 



i<i<^-i ^<ji<h-j 



f3dij)\ 



l<jl</» r<i? ' d\r l<j<h-l l<j<h-l " 

= 2NYih-j)e.U) + oi^^!!^) 
i<j<h 

(10.6) +o(/i^E^E^( E .<^^-+J^(-'^'-'')i')^)- 

For the calculation of the main term we know from [3] that 

(10.7) Y - = f - ^ + 1^7^, ^ 
i<j</i 
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The sum of the E's is 0{{1 + ^)N \og^ N) by Hooley's estimate (1.47) which depends 
on GRH, so that 

^ 5^(Ar,(ii,i2),(l,l)) = Nh^+Nh{-logh + l-^-log2n) + 0{Nhi+') 
i<iij2</i 

distinct 

(10.8) +0( ^^^^°^^ ) +0{Nhimog^N)+OiN^h^Rhog'N). 

K 

Using (1.37) and (10.8) in (10.5) we have 

M^{N, h, V-it) = Nh^ + Nh{Li{R) - log /i + 1 - 7 - log27r) + 0(iV/i5+^) 

(10.9) +0{ ^^''^^^ ) + 0{N^h\og^ N) + 0{{N^hi \og^ N){h^ + R^)) 

R 



and plugging (10.9), (10.4), and (1.37) in (10.3) we obtain 

+0((iVU3i?3 \og^ N){hi +Ri)) + 0{ ^"'' „""'•" ) 



M'^ = Nh{Ci (i?) - log /i + 1 - 7 - log 27r) + pCNA'^ + OiRh^) + 0{Nh^+') 

NK^ log ft,. 



R 

(10.10) +0{{N^h\og^ N{h + logN)) + OiCAN^hlog^ N) + 0{pARh). 

Here the term pCNA"^ will be of the same order of magnitude with the main term 

if wc choose 

(10.11) A= (hlogN)^. 

Since (10.1) would be meaningful for A = o(h), we must have log TV = o{h). We 
need to have R ~ o{N) so that (4.1) has an asymptotic interpretation, and R ^ 
so that £1 (i?) is of the same order of magnitude with log N. We also require that the 
Nh"^ log h 

error term 0{ ) to be smaller than Nh, and this imposes hlogh = o{R). 

R 

With these in mind (10.10) reduces to 

M'2 = Nh{pClogN + C-^{R)-logh+l-j-log2n) + 0{Nhi+'') 

+0{^^^^^) + 0{NihlRlog'N). 
R 



(10.12) 



This will have asymptotic significance when the very last error term is smaller than 
Nh, i.e. for 

1 

(10.13) h^R = o{-^^), 



log^iV 



which restricts us to 



(10.14) h = oi-^). 

log N 

When all these conditions are met we have 

(10.15) ~ 7V/i(pClogAr + log^). 
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If it were that ip{n + h) — ip{n) — h = o{{hlogn)^), then (10.15) with C = would 
imply 

2N 1 , R 

for any fixed p ^ 0, which is absurd since the left-hand side doesn't depend on p. 
Thus we obtain 

(10.16) max lip {y + h) - ip{y) - h\ ->e [h log x)^ 

x<y<2x 

for 1 < h < X3~'^ ^ a. result which is already implicit in previous works (e.g. [7]) 
involving the lower bound method depending on the second order correlations of 
Afl(n)'s. 



11. The Third Mixed Moment for the Proof of Theorem 3 
We now turn our attention to 

2N 

M's = Yl {Mn + h)-i)R{n)-h-CAf{tlj{n + h)-ilj{n)-h-pA) 

n=N+l 

= M;,{N, h, -{h + pA)M'^{N, h, ^r) - 2{h + CA)M'^{N, h, ^r) 
+2{h + CA){h + pA)M[{N,h,i;R) + {h + CAfM[{N,h,i;) 

(11.1) -{h + pA){h + CAfN. 

We now need to evaluate M^(iV, h, tpR) and M^{N, h, i/jr). By (1.28) we have 

(11.2) M^{N,h,i;R)= J2 S'2{N,in),{2)) + 2 ^ 5^(Ar, (j^, j^), (1, 1)). 

l<ji<h l<ji<h<h 

The first sum on the right is evaluated by (4.7) as 

(11.3) Yl S'^{N,{h),{2)) = NhC^{R) + 0{hB?). 

\<h<h 

For the second sum, letting j = j2 — ji, we have by (4.9) 
(11.4) 

2 S',{N,{juj2),{l,l))=2N Y ih-j)e2{j) + 0{^^^^^^^) + 0{h'R') 

i<ii<i2<?i i<i<'i 

(it is more convenient to keep the sum of S2's as is, not using (10.7) until the end, 
and also view the first line of (10.9) except for the term NhC\{R) in this manner). 
Hence we obtain 
(11.5) 

M!,{N,hM=2N Y {h-j)62{j)+NhC,{R)+0{^^^^^^)+0{R%^). 
i<j<h 
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By (1.38) we have 

M'^{N,h,i^R) = {C^{R)f J2 S[{N,{n),{l))+ J2 5aA^,0i,i2),(2,l)) 

^<ji<h i<ii,;2</i 

distinct 

+2£i(i?) 52(^,0'1,J2),(1,1)) 

i<3l,j2<h 
distinct 

(11-6) + S',{N,{j^,j2,j3),il,l,l)) + OiRN^). 

i<ji,i2,i3<^ 

distinct 

In calculating the sum of S'^{N, ,72), (2, l))'s over ji, 72 it is not suitable to use 
Theorem 2 because we will pick up an error term 0{Nh^ log log 'ij*) arising from 
the logmin term of (5.20), and this will be greater than the eventual main term 
due to cancellations of larger terms (note that ji, j2 are not the same as in §5). 
Therefore we start anew as 

2N 

E S',{N,{j,,j2),{2,l))= J2 E A2j(n + ji)A(n + j2) 

l<iij2</i l<ji,j2<hn=N+l 
distinct distinct 

i<jij2<hri,r2<R '^^ ' d|ri n=JV+l 
distinct e|r2 n=— Ji(niod [d,e]) 

distinct e|^2 

([d,el,j2-Ji) = l 

+o(E ^ J2 - il)l)} 

e|r2 

e|r2 
([d,e]J) = l 

ri,r2<H ^'^^ ^' d|ri l<b1<ft. " 

e|r2 

The last error term is dealt with in the same way as in (10.6), first by apply- 
ing Cauchy-Schwarz inequality to the sum over j\ and then using Hooley's GRH- 
dependent estimate (1.47), which makes it 

e|r2 

« N\KlRHoiN^N\KHoiN E ^^i^ E Tt/V 

ra^<R <^(^l)^(^2) J;:^([d,e])5 
e|r2 
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The last sum is treated similar to what follows (4.5), and with the notation used 
there the inner sums over d and e become 

5\{ri,r2) d'\^ e'll^ 

(e',d') = l 

= na-v.) E riTf^Ec'')* n ^ 

p\r2 '5|(»'i,r2) p\S " d'\-^ p|(r2,d') ^ 

= na+v^) E HtI^ n ^ n a+v?) 

P\r2 5|(ri,r2)p|5 ^ p|<''i;'-^> ^ ^1(7^;^ 

= 11(1 + V^) 11(1 + VP) H {1 + 2^ + pi). 

p\ri p\r2 p\{ri,r2) 

Hence the sum we are concerned with is now expressed as 

E 4|40na + v5)na + v5) n a+^v^+A 

ri,r2<R \ / V / p|(ri,r2) 

and writing n = 0iai2, r2 = 012012 with a\2 = {ri,r2) this becomes 



^' M'(ai)M^(a2)M'(ai2) U J] 

aiai2<-R p|ai02 ^ p\ai2 

a2ai2<R 

« E ni^l^(En-ib)^ 

ai2<iip|ai2 ^ a<^p|a'^ 

« ^ E 11 

ai2<Rp\ai2 ^ ' 

Thus the error term of (11.7) has been shown to be 

(11.8) ^N^0R^\og^ N + N^h^R\og^ N. 

We now treat the main term of (11.7), which is equal to 

/II Q\ OAr M^(ri)^^(r2) dfj,{d)e^i{e) ^ 

e|r2 U,ld,e]) = l 

Here the innermost sum is 

E (^-^■)= E (^-j') E '"(^)= E MA;) E ('^-•?') 

l<j</j l<j<'i fc|0',[d,e]) fc|[d,e] l<j<h 

UAd.e]) = l k\j 

= E Mfc){Mf +o(i))-fc E /}= E M^)(S+o(^)) 

fe|[d,e] l<j'<^ ^=1 

(11.10) =^^(M^o(^^(j^^^]))_ 
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The main term of (11.10) plugged in (11.9) gives 

(11-11) y 4N#^y^^#T^=^/^'A(i?) 

e\r2 

where the last evaluation is by virtue of (4.5)-(4.7). It remains to consider the 
contribution of the error term of (11.10) plugged in (11.9), 

ni 1o^ Mh ^^^{rl)^J'^{r2) ^ ded{[d,e]) 

e|r2 

Keeping the notation we have been using the inner sums over d and e are rewritten 

as 

, <j>(6) ^ M') ^ (f)(e') 

(e',d') = l 

TT 3p- 1 yr 2p^ ^ d'djd') -pj- p-1 

p\r2 ^ 5\(rur2)v\S ^ d'\^- ' p|(r2,d') ^ 

n 3p- 1 TT y-j- 5p- 1 y-j- 3p - 1 

P-1 ^ llsp-l 11 3p-l 11 P-1 

p|r2 5|(ri,r2)p|5 ^ p| ^^f^i PllFliTiT 

TT 3p - 1 -j-r 3p - 1 -pj- + 5p - 1 

11 p-1 11 p-l 11 p-1 

p|ri p|r2 P|(ri,r2) 

Hence (11.12) becomes 

(1113) Nh V iljn)ilM\\^P^\\'^JP^ n ^^' + ^^~^ 

= E' /^^(ai)/^^(a.)M^(ai2) n 7^ H 

aiai2<-R p|aia2 p|ai2 

a2ai2<-R 

ai2<fip|ai2 ^ o<-5- p|a ^ 

« Nhlog^NY. Jl ?^!±^^«Ar/,log8Ar. 

ai2<fip|ai2 

This completes the evaluation begun in (11.7), giving 

5^(A^,(ii,i2),(2,l)) = Nh''C^{R)+0{Nh\og^N) 

distinct 

(11.14) +0{NihiR'^ log^ N) + 0{N^h?R\og^ N). 
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12. Completion of the Proof of Theorem 3 

The last quantity involving the correlations that remains to be considered for 
the mixed third moment is 



J2 5^(A^,(il,i2,i3), (1,1,1)) 



distinct 



2N 



(12.1) = H H Afl(n+ji)Afl(n+j2)A(n + j3)- 

-i-<ji,32,h<hn=N+l 
distinct 

The inner sum here is the same as (5.7) except for a shift, and the innermost sum 
of (5.8) adapted to the present situation is 

(12.2) ^W' 

n=Af+l+i3 
n=j3-ji(modd) 
n=j3-j2(mode) 

where the divisibihty conditions, compatible only when (d, e)|ji — j2, can be com- 
bined as n = j(mod [d, e]) say. The last sum is equal to 

N 

(12.3) [([d,e],j) = 1]^^ +i;(2iV+j3; [d,e],j) - E{N + [d,e],j)- 

(j){\d, ej) 

We get the same main term as that of (5.11) except that the conditions now read 
(d, e)|ji — j2, (d,j3 — Ji) = 1, (e, ja — J2) = 1, and the calculation carried out in §5 
evaluates it as 

(12.4) N&{{h,32,h)) + 0{NR-^+'). 

We shall take up the contribution of (12.4) in (12.1) after considering the contibu- 
tion of the error terms of (12.3) to (12.1) which can be majorized as 

(12.5) « E E E max \E{u;[d,e],j)\. 
^ ^ ^ ^ (b(ri)d)(r2) ^ u<2N+h' ^ ' ■"•'^1 

distinct q]^^^ 

(d,e)|ji-j2 

To simplify the expressions wc may interchange the order of the two double sums 
in (12.5) as in the first line of (5.10). This switching costs a factor of log^ R, which 
is unimportant in our application. (On two occasions in §11 we didn't resort to 
this interchange) . Since j is a function of fci = 73 — ji and k2 = js — .72 (and also 
of d, e), we can rearrange the summations so as to see that (12.5) is 

l<h<hd,e<R ' h-h<ki,k2<33-l ~ 

(fe2-fel)fclfe2#0 

(d,e)|fe2-fci 

Note that if {d, e) > h, then the innermost sum is void. The number of permissible 

pairs of k\, k2 is <C — r-] — 1). Upon applying Cauchy-Schwarz inequality and 
(a, e) 
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Hooley's GRH-dependcnt estimate (1.47) we have that (12.6) is 

d,e<R '^^ ' VK<^,f^) j(mod[d,e]) " 

{d,e)<h 

,ri,2, 4 ,r ii^{d)ii^ie)de ,^1,^, 4 ,r /i^(d)/i^(e)\/cfe 

(d,e)<h {d,e)<h 

We have 

(d,e)</i 



^ ^^(d)/x^(e)^/& V^^r V ^^^2 „ nV^— ff 

^(d)^(e)^ ■ 

(d,e)<;i 

Hence the contribution of the error terms in (12.3) to (12.1) is 

(12.7) ^N^h'^B?\og^N + N^h^R\og^N. 

Now we calculate the contribution of (12.4) to (12.1), that of the error term 
being 0{Nh^ R~^+''). Inverting (1.24) wc have 

(12.8) ©((ii,i2, is)) = J2 ^(^)' 

J C{ji,i2 Ja} 

which implies by (1.23) that (since ii(0) = 1, ii{{k)) = 0, il((fc,0) = &{{k,l)) - 1 
for k^l) 

E e(0'i'i2,j3)) = -2h{h-i){h-2) + 3{h-2) J2e{ijuj2)) + R3{h) 

l<ilj2 J3<^ l<Jl,i2<^ 

distinct distinct 

(12.9) = -2/i(/i-l)(/i-2)+6(/i-2)E(/i-j)62(j)+i?3(/i). 

i<j<h 

Prom (10.7) and (1.26) we obtain 

(12.10) Yl e((ji,i2,j3))=/i'-3/i2log/i + 3(l-7-log27r)/i2 + 0(/^i+^) 

distinct 

(note that (1.26) has not been used in full force, here we only need to know Rsih) <C 
/i2+«). Hence we have 

(12.11) 5aiV,(ji,j2,j3), (1,1,1)) 

i<ii,i2,j3<^ 

distinct 

= Nh^ - 'iNh? log /i + 3(1 - 7 - log 2-K)Nh^ + 0(7V/ii+^) 
+0{Nh^R-^+^) + 0{{N^h'^R\og^ N){R + h)). 
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Combining (1.37), (10.8), (11.14) and (12.11) in (11.6) we obtain 

M'^{N,h,i)R) = Nh^ + iNh'^{Ci{R)-\ogh) + ZNh'^{l--i-\og2T:) 
+0{Nh^+') + 0{Nh^R-^+') + 0{Nh\og^ N) 

(12.12) +0{Nih'^R^\og'^N)+0{N^h^Rlog'^N). 

Now we put our findings together in (11.1). In doing this, keeping the sums 
{h — j)&2{j) (which appear in several terms) unevaluated until the end not 

i<j<h 

only facilitates the calculation, but also reveals the complete cancellation of the 
terms which contain Nh {h — j)&2{j)- We get 

i<j<h 

M's = {2C + p)ANh[logh-Ci{R)-il-j-\og2Tr)]-pC^A^N 

+OiAN0+'') + 0{Nh:^R^ log'' N) +OiNih^R\og* N) 

(12.13) +0{Nh\og^ N) + O(h^R^) + 0{Nh^R-^+') + NRsih). 

The main terms are at the same order of magnitude ii A= {h log N) i as before in 
(10.11) for This choice of A makes (12.13) read as 

M's = Nhhogi N[-pC^logN + {2C + p)(logh- Ci{R) - -\og2TT)] 

(12.14) + error terms of (12.13). 

We are assuming that R ^ N^, and the requirement that the error terms are 
smaller than the main term, i.e. o{Nhi log^ A''), brings the restrictions 

(12.15) log^^ N = o{h), h^R'^ = o{Ni log- ^ N). 

Note that the cancellation mentioned before (12.13) is essential in reaching a result, 
for if (12.12) and (10.9) which depend on the evaluation (10.7) had been used, then 
we would have acquired an error term 0{Nh^^'^) that is larger than the main 
term. Upon this we need Montgomery and Soundararajan's estimate (1.26) for 
Rsih). Thus for 

(12.16) log"7V«;/i«;A^^-^ 
we have the asymptotic result 

(12.17) M's ~ -Nhi log^ NipC"^ logN + (2C + p) log ^). 

(The factor N"^ in (12.16) can be replaced by a small power of log A?" if one bounds 
(5.38) more precisely as was remarked). From (12.17) we can get the result (10.16), 
only this time for the smaller range (12.16). The significance of (12.17) is that it 
allows us also to get a result of the type (10.16) without the absolute value. It is 
convenient to write R = , h — N". For a fixed p satisfying < \p\ < \/Q — a, 
with the choice G = (12.17) reads 

(12.18) ~ -p(6»-a)(l - ^^)7V/itlog5 AT. 

P 

We see that Jv['^ is positive for < p < \JQ — a, and negative for —\/9 — a < p <0, 
and N{hlogN)'s in either case. This means that given an arbitrarily small 
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but fixed ?7 > 0, for all sufBciently large N and h subject to (12.16), there exist 
ni, n2 e [A'' + 1, 27V] such that 

^(n,+h)-^in,)-h > ( ^^^ ^" -r?)(felogiV)^ 

(12.19) V("2 + /i) - V'(«2) - /i < -( ^^~^" -??)(/ilogA^)i 
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